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ABSTRACT: We investigate a homopolymer brush system on the basis of the wormlike-chain model,
incorporating an Onsager-type interaction between polymer segments in the excluded-volume interaction.
The model depends on the ratio between the total polymer length and the persistent length and a reduced
grafting density as two basic parameters. Our numerical solutions to the self-consistent field theory are
comparedwith scaling properties that can be deduced in various limits. In the limit of long chain andweak-to-
moderate grafting density, our numerical results follow the scaling power law predicted by the classical-
trajectory theory of a flexible polymer brush. In the limit of long chain and high grafting density, our
numerical results show that the brush properties are comparable to the conformational properties of a
nematic wormlike solution. In the limit of rod brush, our numerical results are consistent with the solution of
a trial-function treatment from a previous mean-field theory.

1. Introduction

Consider the theoretical model consisting of polymer chains
attached by one end to a flat substrate with the other end left free.
The excluded volume in the system will force the polymers
stretching away from the substrate, making a typical conforma-
tion known as a polymer brush. This simple yet fundamental
model is applicable to a wide range of synthetic materials and
processes as well as to a large class of phenomena in natural and
living systems.1-4 Theoretical and experimental studies of poly-
mer brushes have been an intensive research field in the past
several decades.1,5-18

The exact solution to the model of polymer brush grafted on a
surface, based on the classical-trajectory approach of a Gaussian
weight for grafted polymer chains and a mean-field treatment for
the interaction between polymers,9,11 is one of a few exceptional
examples in soft condensed matter physics that demonstrates the
beauty of theoretical treatment for a practical system. The
resulting physical properties for the density profile, brush height,
and free energy as functions of the polymer length, grafting den-
sity, and polymer-polymer interaction strength are in agreement
with direct Monte Carlo computer simulations,19-23 molecular-
dynamics simulations,15,24-27 and numerical solution to self-
consistent field theories.13,28-30 As well, theoretical predictions
are consistent with experimental observations.16,17,31

Most biologicalmolecules aremore appropriately described by
a wormlike-chain model, which has a number of interesting
physical properties similar to and different from those of a
Gaussian model, depending on the parameter regime of applica-
tion; understanding the conformational properties of a wormlike
polymer brush (see Figure 1) is a fundamental problem in soft
condensed matter and biological physics. Moreover, the exclu-
ded-volume interaction between grafted wormlike polymers is
expected to have an orientational dependence. In this work, we
study the conformational properties of a homopolymerwormlike
brushon thebasis of the Saito-Takahashi-Yunokimodel (STY),32

which replaces the Gaussian weight previously used for the
polymer statistics, and orientationally dependent Onsager inter-
action for polymer segment-segment excluded-volume interac-
tion,33 which replaces the orientationally independent interaction
often used in previous studies. The same ingredients have been
used in formulating models for related inhomogeneous wormlike
systems in a self-consistent field treatment.34-37,40,41 It is worth
noting that in a 1979 article Jahnig already realized the impor-
tance of the wormlike brush problem and started formulating a
theoretical treatment.42 In terms of a Langmuir monolayer,
Schmid also considered a similar model where polymer chains
are made of connected rods with bending energy.43 While the
formalism of a self-consistent theory for a lyotropic wormlike
brush is relatively straightforward (see section 2), to our best
knowledge, no attempt has been made to solve such a model.
Other approaches such as scaling argument61 and computer
simulations23,28 are available.

The model established in this work for a wormlike brush is
expressed in terms of two important parameters as will be
explained in detail in section 2.2. The first is L/a, the ratio
between the total contour length L of a wormlike chain and the
effective Kuhn length a which can be identified with twice of the
bare persistent length in the STY model.32 This ratio becomes
large for a flexible chain and small for a rodlike chain. Another is
νσ/a, where σ is number of grafted chain per unit area on the
grafting surface and ν the excluded-volume parameter. The
conformational properties and free energy can be expressed as
functions of these two parameters, as discussed in section 3.

One of the advantages of using a wormlike-chain model is its
embedded mechanism of handling the finite maximum extensi-
bility of a polymer chain of length L. In a moderately stretched
brush, the average brush height, measured by the nongrafted end
of polymers, scales linearly with the chain length L, as shown by
both scaling theory5,6 and classical-trajectory theory.9-11 In high
grafting density, one expect that the brush height approachesL as
the upper limit. The lack of finite extensibility of a Gaussian
model has been a concern, and a couple attempts have beenmade
to revise the polymer brush theory.44,45 Shim and Cates, for
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example, introduced a denominator to the Gaussian quadratic
term, limiting the extensibility of a segment;44 Lai and Halperin
introduced the inverse of the Langevin function in lieu of the
quadratic Gaussian term, enforcing an overall finite extensibility
limit.45 Both models used the Flory-Huggins expression to
represent the free energy of volume interaction between polymer
segments. As a result, they have shown that in the dense grafting
region average brush height asymptotically approaches L as a
linear function of the grafting density. This can be contrasted
with our results below for wormlike brush made of long poly-
mers, L.a, where the average brush height approaches Lwith a
correction term inversely proportional to the grafting density by a
power law. In another major difference, the contribution to the
free energy per chain from the elastic energy diverges drastically,
though in different forms, from these effective fixing of the
Gaussian elastic energy,44,45 while the wormlike brush model in
this work yields a corresponding conformation energy contribu-
tion which diverges in a power law (see section 3.3).

Our formalism is also suitable for studying the problem of a
rod brush formed by end-grafted rods on a surface, which was
first examined by Jahnig.42 Within a mean-field theory and also
incorporating the Onsager interaction, Halperin, Alexander, and
Schechter studied the directional ordering of such a system in
terms of a trial-function approach;46 in section 3.3 we see that the
numerical results from our work are fully consistent with the
prediction from this theory.

2. Theoretical Treatment for a Wormlike Polymer Brush

In this sectionwe formulate the self-consistent field theory for a
polymer brush consisting of monodisperse wormlike polymers,
each having one end grafted to a flat impenetrable surface. The
statistical weight of a polymer semiflexible polymer with a
bending energy penalty is used32 where both finite extensibility
of the chain and segment orientation distribution are automati-
cally incorporated. The normal to the surface is defined as the
z-axis where the wall surface is represented by z=0. The chains
are uniformly grafted on the surface with a moderate to high
grafting density σ. The expression for the interaction between the
polymer segments is taken from a generalizedOnsager interaction.

2.1. Self-Consistent Field Theory for a Wormlike-Chain
System. The configuration of a particular grafted wormlike
chain is described by a continuous space curve along which the
arc variable s is specified: s=0 at the grafted end and s=L at
the free end. For a particular polymer segment labeled s, both
position vector r(s), which gives the spacial location, and unit
vector u(s), which gives the tangent direction, are considered;
these two variables are connected through a constraint

uðsÞ ¼ drðsÞ=ds ð1Þ
A further constraint is that u(s) is a unit vector, which is
necessary not only to guarantee that the chain total extension

is limited to L but also to prevent other potential unphysical
problems.47

The characteristic length scale of a wormlike chain is its
bare persistent length, which can be related to the bending
energy of adjacent bonds in a typical wormlike-chain model.
In a free space and in the absence of the excluded-volume
interaction between polymer segments, a long wormlike
chain also takes a random walk conformation, where twice
of the bare persistent length can be identified with the Kuhn
length.32,47,48 In order to compare the physical properties of
a brush deduced from a wormlike model to those from a
Gaussianmodel, instead of the persistent length, we use such
an effective Kuhn length, a, as a basic measure for a polymer
segment throughout this paper.

One of the central physical quantities that we calculate in
this work is the segmental distribution function φ(r,u), the
number of effective Kuhn segments per unit volume at r and
per solid angle in the direction u. This distribution function
follows the normalization condition

Z
dr du φðr, uÞ ¼ nL=a ð2Þ

where n is the number of grafted chain in the system. In a
typical self-consistent field theory treatment employing a
saddle-point approximation,49 the system free energy nF can
be written as

nF=kBT ¼ - n ln Q-
Z

dr duWðr, uÞφðr, uÞ

þ 1

2

Z
dr du dr0 du0 φðr, uÞUðr, r0; u, u0Þφðr0, u0Þ

ð3Þ
where kB is the Boltzmann constant, T temperature, Q the
single-chain partition function, and U(r,r0;u,u0) the interac-
tion between two polymer segments located at r and r0 and
pointing in the directions of u and u0. This free energy is
accurate to the second-order virial approximation and con-
tains a self-consistent field W(r,u). We adopt the view that
the grafting of the s=0 end to a wall voids the indistinguish-
ability of the chains that would give rise to a 1/n! in the front
of the system partition function, hence yielding-n ln(nQ) in
the first term. For tethered polymers with mobile s=0 ends
the inclusion of the additional -n ln n in the free energy is
straightforward and does not influence the main results in
this work. It is understood that the free energy as a functional
of W(r,u) and φ(r,u) needs to be minimized with respect to
these two functions, in a saddle-point treatment.

In a typical bead-spring model for polymers where the
excluded-volume interaction is usually characterized by
the size of a bead, w, the interaction energy U(r,r0;u,u0) =
wδ(r-r0) and is independent of the orientation of u and u0 of
the two interacting polymer segments.9 A wormlike chain
with an embedded excluded-volume interaction can be re-
garded as a cylindrical filament characterized by a cross-
sectional diameter d. We can readily use the Onsager expres-
sion,33 within the second virial approximation, for the
excluded interaction between polymer segments

Uðr, r0; u, u0Þ ¼ vδðr- r0Þju� u0j ð4Þ
where

v ¼ 2da2 ð5Þ

Figure 1. Sketch of the side view of a wormlike brush. The curves repre-
sent polymers, modeled here by cylindrical filaments, each having a total
length of L and cross-section diameter d. A coordinate system is also
shownwhere a polymer segment ds is specified by both distance from the
surface, z, and the angle that it makes with respect to z, θ. An arc variable
s, ranging from 0 at the grafting point to L at the polymer end, is used.
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and terms of order d2a and d3 have been dropped.Minimiza-
tion of the free energy (3) with respect to φ(r,u) gives an
expression for the self-consistent field

Wðr, uÞ ¼ v

Z
du0 ju� u0jφðr, u0Þ ð6Þ

The orientationally dependent, excluded-volume potential
energy of such a form has been shown to be one of possible
mechanisms driving liquid-crystal phase transitions in bulk
wormlike polymers50-52,55 and a number of orientationally
dependent surface phase transitions in systems where a flat
surface coexists with wormlike polymers.36,40,56

The first term of the system free energy in (3) contains a
single-chain partition function Q, which can be calculated
based on a wormlike chain model in the self-consistent field
W(r,u) and additional external field V(r,u) representing the
existence of the flat impenetrable surface. Following Saito,
Takahashi, andYuniki (STY),32 for the probability distribu-
tion of a wormlike chain having configuration u(s) we write

P � exp -
Z L

0

ds
a

4

�����duðsÞds

�����
2

þ 1

a
ðW ½rðsÞ, uðsÞ� þ V½rðsÞ, uðsÞ�Þ

8<
:

9=
;

2
64

3
75

ð7Þ
where r(s) and u(s) are subject to the constraint (1). In
replacement of the original bending energy coefficient βε in
the first term of the exponent of the STY model,32 we have
explicitly included an effective Kuhn length a in the above,
with the understanding that a is twice the bare persistent
length, or, a=2βε, where βε is the reduced bending energy
used in the original version.32

To facilitate the calculation of the partition functionQ and
the distribution function φ(r,u), we introduce the conditional
probability, q(r,u; s), for a grafted polymer portion of total
arc length swhich has an end located at r and pointing in the
direction specified by the unit vector u. It can be shown that
under the constraint (1) the calculation of q(r,u; s) following
the probability (7) can be formulated into solving47

a
D
Ds
qðr, u; sÞ ¼ ½ru

2 - au 3rr - Wðr, uÞ - Vðr, uÞ�qðr, u; sÞ
ð8Þ

with an appropriate grafting condition q(r, u; s= 0) to be
specified below. In addition, a conjugate conditional prob-
ability satisfying the same differential equation, q*(r, u; s), is
needed to complete the formalism. This is a probability for a
polymer portion of total arc length s which has the end
labeled s located at r and pointing in the direction specified
by the unit vector u and an end labeled s=0 being left freely
moving in space; the latter can be represented by an initial
condition that will be specified below as well. Once these
functions are obtained, we can calculate that the single-chain
partition function

Q ¼
Z

dr

Z
du qðr, u; s ¼ LÞ ð9Þ

From the minimization of the free energy (3) with respect to
W(r,u), one has

φðr, uÞ ¼ n

aQ

Z L

0

ds qðr, u; sÞq�ðr,- u;L- sÞ ð10Þ

The derivation of (8) and (9) starting from (3) is a standard
procedure in the self-consistent mean-field theory of poly-
mers.49 The modified diffusion equation (8) together with
expressions (6), (9), and (10) completely form a self-consis-
tent set, which need to be solved for a wormlike-chain
problem.

It is worth noting that in an early treatment of lipid mem-
brane molecules42 Jahnig actually used a statistical weight
incorporating a bending energy between adjacent polymer
segments, that is, an energy penalty similar to the first term in
the exponent of (7). This approach allowed him to handel
long flexible and short rodlike chains. No coupling between
the r and u vectors was considered, and the interaction term,
W, was also oversimplified.

2.2. Formalism for a Wormlike Brush. In this section, we
exploit the planar symmetry in the current system, using a
z coordinate for the position of a polymer segment and
θ angle to represent the projection of the unit vector u onto
the z-axis. In addition, we define reduced variables

z � z=a ð11Þ

s � s=a ð12Þ
The equation set in the last section can then be written in a
simplified version, enabling us to perform numerical solu-
tion.

The distribution functions q and q*, for example, are only
dependent on z, θ, and s; the modified diffusion equation in
(8) can be rewritten as

D
Ds

qðz, θ; sÞ

¼ 1

sin θ

D
Dθ

sin θ
D
Dθ

- cos θ
D
Dz

- Wðz, θÞ - Vðz, θÞ
� �

qðz, θ; sÞ

ð13Þ
The initial condition q(z, θ; s= 0) needed for solving this
differential equation is given by

qðz, θ, 0Þ ¼
δðzÞ if cos θ > 0

0 otherwise

8<
: ð14Þ

which represents a uniform grafting layer of s=0 ends at the
plane z = 0. Note that this initial condition contains an
angular dependence, reflecting the fact that the orientation
of the initially grafted polymer segments can only be in the
positive z direction. The function q* satisfies the same
differential equation, where the initial condition is given by

q�ðz, θ, 0Þ ¼
1 if z > 0 or z ¼ 0 and cos θ < 0

0 otherwise

8<
: ð15Þ

Aswell, there is a directional dependence in the above. These
initial conditions can be compared with their counterparts in
the self-consistent field theory treatment of a Gaussian
polymer brush,13 where there is no direct involvement of
the direction. The potential function V in the differential
equation also contains an angular dependence

Vðz, θÞ ¼
0 if z > 0 or z ¼ 0 and cos θe 0

¥ otherwise

8<
: ð16Þ
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which has been previously introduced to describe a feature-
less hard wall in other wormlike-chain systems.40,56-58

Taking (9) and definingQ
_
�Q/(Aa), we have the reduced

single chain partition function per unit area

Q
_

¼ 2π

Z
dz

Z
dθ sin θqðz, θ; s ¼ L=aÞ ð17Þ

where A is the total grafting area. With that, the density
profile φ in (10) can be determined; instead of φ itself, in our
calculation we use F(z,θ) � φ(r,u)/σ, the per-chain number
density of polymer segments located at z and pointing within
a unit solid angle about θ

Fðz, θÞ ¼ 1

Q
_

Z L=a

0

ds qðz, θ; sÞq�ðz,π-θ;L=a- sÞ ð18Þ

This means that F satisfies the normalization condition

2π

Z ¥

0

dz

Z π

0

dθ sin θ Fðz, θÞ ¼ L=a ð19Þ

Returning to the expression for the self-consistent field,W in
(6), we complete the self-consistency by writing

Wðz, θÞ ¼ ðvσ=aÞ
Z 2π

0

dj0
Z π

0

dθ0 sin θ0ju� u0jFðz, θ0Þ
ð20Þ

where |u� u0|=(1- cos2 γ)1/2 and cosγ=cos θ cos θ0 þ sin θ
sin θ0 cosj. Once self-consistent field equations, eqs 8, 17, 18
and 20, are solved and a numerical procedure for solving
these converges, the free energy per chain becomes

βF ¼ - ln Q
_
- π

Z ¥

0

dz

Z π

0

dθ sin θ Wðz, θÞFðz, θÞ ð21Þ

These equations, eqs 13 and 17-21, form a self-consistent
set. The numerical method used in solving this equation set is
presented below, and the solution of this set is presented in
the next section.

2.3. Numerical Scheme. In the numerical solution to the
theory developed above we paid attention to the functions
q(z,θ,s) and q*(z,θ,s), where all three variables, z, θ, and s, are
treated in direct discretization. The main steps of the algo-
rithm used for solving the equations consistently are listed
below.

(a) Initially, to obtain a solution of a weak νσ/a system, we
used a parabolic profile as an initial guess. Otherwise, the
initial condition for the fieldW(z,θ) is made as a function of
z and θ, taken from an existing solution of a similar physical
condition (i.e., similar νσ/a and a/L).

(b) The modified diffusion equations for q(z,θ,s) and
q*(z,θ,s) are solved along the entire contour length, from
s=0 to s=L/a, step by step, according to an implementation
of the Crank-Nicholson scheme59 coupled with an alternat-
ing-direction implicit method. The step length for s is taken
as ds=0.01, where q(z,θ,0) and q*(z,θ,0) in (14) and (15),
respectively, are used as the initial conditions. In numerical
implementation, instead of grafting the polymer at z=0 (i.e.,
use a delta function δ(z)), we actually used an initial condi-
tion that corresponds to grafting the polymer at z= ε from
the substrate, δ(z- ε), where ε=0.01 is a small number. This
numerical trick avoids a potential divergence of the algo-
rithm and has been used previously.30 The derivatives on the
right-hand side of eq 13 are expressed by a central difference

scheme, where the step length dz=0.01 and dθ=π/30 are
taken for the variable z and θ, respectively.

(c) Once the probability distribution functions q(z,θ,s) and
q*(z,θ,s) are determined, we evaluate the monomer densities
F(z,θ) according to (18), using Simpson’s rule for the inte-
gration over the variable s.

(d) We then update the self-consistent fieldW(z,θ) using a
Picard iteration method

Wnewðz, θÞ ¼ Woldðz, θÞ

þ λ½ðvσ=aÞ
Z 2π

0

dj0
Z π

0

dθ0 sin θ0ju� u0jFðz, θ0Þ-Wold�
ð22Þ

(e) The iteration factor λ is fixed at a small value λ=0.1.
(f) Having obtained the new self-consistent field Wnew-

(z,θ), we go back to step b for iterations. The numerical
procedure continued until the convergence criterion imposed
on the field was satisfied, Max |Wnew - Wold|<10-5.

3. Results and Discussion

In this section we discuss the characteristics of a wormlike
polymer brush. There are only two relevant combinations of
parameters in the equation system, eqs 13 and 17-21, that is, νσ/a
and L/a, reduced surface grafting density and total number of
segments in a chain. At first glance, this bears a similarity to the
self-consistent field theory of aGaussian polymer brush9,10 where
the same combinations of parameters appears. The latter, how-
ever, actually contains one combination of parameters that was
shown to be important (see the definition of the so-called βNS

parameter13). The two independent parameters in a wormlike
polymer brush problem in this work yieldmuch richer conforma-
tional behavior than a Gaussian model, to be discussed below.

We have obtained numerical solutions for the distribution
function and the free energy in a wide range of parameters νσ/a
and L/a, covering interesting limits and the crossover between
them. Figure 2 presents the numerical results for the free energy
per chain, F(νσ/a,L/a), scaled by βa/L, as a function of the
reduced grafting density νσ/a for various values of L/a.

On the basis of the numerical computation of the distribution
function for segments of Kuhn length a, F(z,θ), we obtained the
average segment-to-surface distance Æz(νσ/a,L/a)æ

Æzæ �
R¥
0 dz

R π
0 dθ sin θ zFðz, θÞR¥

0 dz
R π
0 dθ sin θ Fðz, θÞ ð23Þ

which is displayed in Figure 3A. The segmental distribution
function also allows us to characterize the average orientational
order of segments, measured by

ÆSmæ ¼
R¥
0 dz

R π
0 dθ sin θ Pmðcos θÞFðz, θÞR¥

0 dz
R π
0 dθ sin θ Fðz, θÞ ,

m ¼ 1, 2, ::: ð24Þ
where Pm(cos θ) is the Legendre polynomial of the mth rank.
Plots C andD inFigure 3 present the first two orientational order
parameters, S1(νσ/a,L/a) and S2(νσ/a,L/a), as functions of the
reduced grafting density νσ/a. As for the density distribution
function itself, we have plotted the angularly averaged density

F0ðzÞ � 2π

Z π

0

dθ sin θ Fðz, θÞ ð25Þ

as a function of z/a in Figure 4A for L/a=30 and various values
of νσ/a.
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Our calculation also produces the distribution function of the
free end q(z, θ; s= L/a). To measure the average brush height
Æzend(νσ/a,L/a)æ, we use

Æzendæ ¼
R¥
0 dz

R π
0 dθ sin θ zqðz, θ, s ¼ L=aÞR¥

0 dz
R π
0 dθ sin θ qðz, θ; s ¼ L=aÞ ð26Þ

which is displayed in Figure 3B. The end distribution function
itself, averaged over angular dependence

gðzÞ � 2π

Z π

0

dθ sin θ qðz, θ; s ¼ L=aÞ ð27Þ

is plotted in Figure 4B for L/a=30 and various values of νσ/a.
Next, we analyze these numerical results in a number of

interesting limits. In the long-chain limit, L/a . 1, we expect to
see that some properties of a Gaussian polymer brush recover in
the moderate stretching region, νσ/a e 1 (see section 3.1);
however, the built-in total stretching limit of a wormlike polymer
in the formalism, L, and the effect of the Onsager interaction,
(20), produce different scaling behavior in the high-grafting
parameter region νσ/a . 1 (see section 3.2). As well, the
formalism in this section allows us to examine rodlike polymer
brush in the limit (see section 3.3), L/a , 1, and the crossover
between short- and long-chain brushes.

3.1. Long-Chain L/a. 1 andModerate Grafting νσ/ae 1.
We generally expect that the physical properties of a worm-
like-chainmodel recover those of aGaussuan-chainmodel in
the long chain limit

L=a . 1 ð28Þ
In particular, an interesting question is in which parameter
region we recover the power-law scaling function

Æzæ=L� Æzendæ=L� ðvσ=aÞ1=3, L=a . 1 ð29Þ
which is well-known in the field.

It is essential to note that this scaling behavior, deduced
from an Alexander analysis5,48 or the classical-trajectory
theory,9,10 requires the fact that grafted brushes have sig-
nificant overlapping over each other beyond the so-called
mushroom region.48 This can be deduced from the simple
view that the brush hight must be greater than the radius of
gyration, Æzæ g a(L/a)ν0, which, by taking (29), gives

ðνσ=aÞðL=aÞζg 1 ð30Þ

where the exponent ζ=3 - 3ν0 and the ν0 is the radius-of-
gyration exponent. Note that the left-hand side is simply
βNS

3/2 where βNS is the sole parameter relevant in aGaussian
mean-field theory, defined by Netz and Schick13 after taking
ν0 = 1/2, which is appropriate at that level of theoretical
approximation (giving ζ = 3/2). One can also produce a
requirement, taking the view that the distance between the
grafted chains should be shorter than the radius of gyration,
σ-1/2e a(L/a)ν0. Letting ν∼ a3;an approximation that can
be taken by considering a flexible polymer but not the
cylindrical filament considered in this work;one can show
that the above requirement is also valid provided ζ=2ν0.
Kent et al., for example, have introduced such an expression,
using ν0=3/5, and hence ζ=6/5, as the criterion of when the
brush limit following (29) is valid.16

Figure 2. Free energy per chain per segmentβFa/L of awormlike brush
as a function of the reduced grafting density νσ/a. Down triangles,
diamonds, squares, circles, crosses, right triangles, left triangles, and
upper triangles represent our numerical solution for L/a = 50, 30, 20,
10, 1, 0.5, 0.1, and 0.05, respectively. The long dashed line represents a
slope of 2/3, appearing in the exponents of power laws (36) and (42).

Figure 3. Mean end-monomer-to-grafting surface distance Æzendæ, mean
monomer-to-grafting surface distance Æzæ, and orientational order para-
metersS1 andS2 of awormlike brushas functions of the reduced grafting
density νσ/a. Down triangles, diamonds, squares, circles, crosses, right
triangles, left triangles, and upper triangles represent our numerical
solution forL/a=50, 30, 20, 10, 1, 0.5, 0.1, and 0.05, respectively. Lines
in (A) to (C) represent the exponents in power laws (29) and (37), with
the identification in (35). In (B) and (D) we have also added the results
from molecular dynamics simulations38 by filled circles.
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Regardless of which requirement to take, qualitatively, we
have a lower bound of νσ/a for the validity of (29)

vσ=a g ðL=aÞ- ζ ð31Þ
where ζ is either 6/5 in ref 16 or 3/2 in ref 13. In Figure 3A,B
we have plotted a long-dashed line, which represents the 1/3
exponent predicted in (29) in a double-logarithmic plot. Our
numerical data point in the small-νσ/a regime for large L/a
are seen to approach this asymptotic behavior. Furthermore,
we can also observe how the scaling power law breaks down
in the low νσ/a region: small-L/a systems plateau out from
the anticipated scaling law earlier than large-L/a systems,
fully consistent with the criterion in (31) and the discussions
in refs 13 and 16.

The wormlike polymer brush, however, has another res-
triction which does not appear in the Gaussian polymer
brush, both within the self-consistent field theory treatment.
We know that in extremely high stretching, because of the
finite extensibility in wormlike chain, Æzæ cannot go beyond
L. As amatter of fact, in order to observe a scaling relation in
(29) whichwould state that Æzæ increases indefinitely, wemust
restrict ourself to the parameter region Æzæ e L (or, more
restrictly, Æzæ , L) for a wormlike brush. The use of (29)
hence gives us another restriction, an upper bound

vσ=a e 1 ð32Þ
which needs to be considered for a wormlike brush. Note
that in a Gaussian brush theory such an upper bound does
not exist;Netz and Schick for example have recently shown
that (30) is the only requirement that a Gaussian brush
theory produces the scaling relation in (29). In wormlike
brush, the upper bound (32) is not in conflict with the lower
bound in (31) as L/a must be large to recover (29).

Having established that there is an upper bound in a
wormlike brush, we can also observe from Figure 3A,B that
the agreement between the 1/3 slope and the numerical data

starts to break down approximately when νσ/a is greater
than 1. In other words, the scaling relation in (29) is valid
only for moderate grafting density νσ/a e 1, provided that
the chain length is long enough, in a wormlike brush. This is
in contrast with the properties of a Gaussian chain, where
only the lower bound exists.13

In order to facilitate the comparison of our results and
those from a recent molecular dynamics simulations, we
have related our definition of νσ/a with the grafting density
d in ref 38 by νσ/a=135.0d. The numerical coefficient was
adopted through comparing the normalized brush height of
the first data point in Figure 4d of ref 38 with ours. The four
data points, represented in Figure 3B by filled circles, agree
well with our calculation.

Within the scaling region, the classical-trajectory theory
also produces density profiles F0(z) and g(z) in the scaling
regime9

F0ðzÞ ¼ 3

2

L

H
1-

z

H

� �2
" #

ð33Þ

gðzÞ ¼ 3z

H2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1-

z

H

� �2
s

ð34Þ

where H = (4σw/π2)1/3La-1/3. Note that F0(z) satisfies the
normalization condition (19) and that g(z) satisfies

R
dz g(z)=

1. To compare with this prediction, we have identified

w ¼ πv=4 ð35Þ
through equating the second term on the right-hand side of
(3) for a u-independent density distribution with expression
(3) inMilner et al.9 These predictions are plotted as functions
of z/L in Figure 4 by solid curves. For comparison, we have
overlaid our numerical solution, represented by various
symbols on top of the curves. Asymptotically, our numerical
results for F0(z) and g(z) atL/a=30 and νσ/a=0.25 (circles)
are in agreement with these predicated functions. The devia-
tion from the solid curve near the tail of the profile can be
attributed to the fact that the approximation made in the
classical-trajectory theory ignores trajectory fluctuations,
which are more dominating in a low-density region. The
orientationally dependent boundary condition near the wall
in the current wormlike polymer brush problem 16, and the
numerical trick of treating the grafted end at a small distance
from the wall contribute to the deviation of the calculated
profile from the above prediction. Similar deviations were
seen in other full self-consistent field calculations for a
polymer brush problem.12,13

At a relatively high density, say, νσ/a=2.0 for L/a=30
(squares in Figure 4A), we can see that the monomer density
as a function of z/L begins to reflect a sharper drop than the
parabolic profile. This is a crossover region where the brush
height also starts to deviate from the scaling relationship in
(33) and (34). A similar trend of the density profile change
can be found in ref 38, where a molecular dynamics simula-
tion has been conducted on a wormlike brush system; while
the density profile agrees with (33) and (34) at low grafting
density, deviation can be found approximately in the range
d=[0.12, 0.37], where d is the grafting density defined in ref 38.
This is fully consistent with our assessment of the existence of
an upper bound (32) in wormlike brush. Note that at this
“high” value of νσ/a forL/a=30 aGaussian brush still follows
the power law, as demonstrated in Netz and Schick.13

Figure 4. (A) Normalized density distribution function F0(z) and
(B) normalized end distribution function Lg(z) obtained from our
numerical solution for awormlike-brushmodelmade of polymers having
L/a=30.Circles, squares, and diamonds correspond to reduced grafting
densities νσ/a = 0.25, 2.0, and 35.0. The exact solution of a Gaussian
brush based on a classical-trajectory approach9,11 is also displayed by the
solid curve for comparison, which is valid in the limit of νσ/a, 1.
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A comparison between the free energy per grafted chain
predicted by the classical-trajectory theory9,11

βF ¼ 9L

40a

4πσw

a

� �2=3

ð36Þ

and our numerical data is made in Figure 2. The long-dashed
line represents the 2/3 power-law exponent from this predic-
tion. The agreement between the numerical results and the
long-dashed line in Figure 2 can be viewed by a general trend
that larger L/a data in the small νσ/a regime asymptotically
approach the predicted slope.

In a classical-trajectory theory, a polymer in a brush is
always directed away from the grafting surface. The projec-
tion of a segment onto the z axis is related to cos θ; hence, on
average

S1 ¼ Æcos θæ � Æzendæ=L� ðvσ=aÞ1=3 ð37Þ

in the moderate stretching regime, νσ/ae 1,L/a. 1.We can
see in Figure 3C that our numerical results for S1 calculated
from (24) indeed asymptotically follow this power law in the
region of interest. The power law for S1 in (37) was pre-
viously verified by computer simulations independent of the
classical-trajectory theory21,24 and by a mean-field Monte
Carlo approach.60

In Figure 3D we have also displayed our numerical results
for S2 as a function of νσ/a, which, in the parameter region
interested in this subsection, approaches a slope of 2/3 in the
double-logarithmic plot. In fact, our data for higher order
parameter Sm (not shown) indicates that

Sm ¼ ÆPmðcos θÞæ � ðvσ=aÞm=3, vσ=a , 1 ð38Þ

are generally followed. According to the classical-trajectory
theory, however, we would arrive at the same 1/3 exponent
for all Sm. Because orientational fluctuations are completely
ignored in a classical-trajectory theory, we do not expect that
the 1/3 scaling exponent from such a treatment would be
correct formg 2. It is highly desirable to analytically validate
the above formula (38) for a wormlike brush. Except for the
first data point, results of molecular dynamics simulations,38

represented in Figure 3D by symbol filled circle, agree well
with our calculation.

3.2. Long Chains L/a. 1 and High Grafting Density νσ/a
. 1. At an extremely high grafting density, νσ/a . 1, the
angularly averaged density profile (25) asymptotically app-
roaches a step function, having a constant value in most
region of z (z < L). Meanwhile, the angularly averaged
distribution function of the free end shows a sharp peak at
z = L, vanishing in most other regions of z (z < L). To
illustrate this behavior, using diamond symbols, we plotted
these distributions for a high density case, νσ/a = 35, as
functions of z/L in Figure 4.

This step function profile is in agreement with various
simulation studies38,62 and is a sign that a self-consistent
theory based on a Gaussian theory breaks down in this
region of parameter. Repairing to a Gaussian theory often
takes both finite extensibility and higher-order interaction
terms beyond the second virial coefficient.44,45 We have
shown here that the finite extensibility of the wormlike for-
malism naturally gives a step function profile at high grafting
density, even at the level of the second virial coefficient.

In this article, we deal with a brush made of polymer
of cylindrical filaments of diameter d (see eq 5), the com-
bination of parameters νσ/a ≈ 2daσ. In systems like DNA

array,53,54 chains are densely grafted, to the maximal extent
that σ∼ 1/d2. Hence, νσ/a can reach as high as 2a/d, where a,
twice of the persistence length which is∼500 Å in dsDNA, is
much greater than the diameter d, that is, in the subnan-
ometer region.54 As a result, νσ/a can be a large parameter.

Because the grafted chains are highly stretched at a large
νσ/a, within the brush the structure of wormlike chains is
similar to a nematic liquid-crystal phase of lyotropic poly-
mers at a similar segmental density. For a wormlike polymer
system, the analysis of both entropy penalty caused by
orientational ordering and free energy due to the same
Onsager excluded-volume interaction (6) were well estab-
lished previously in trial-function approaches50,51 and veri-
fied by the numerical solution to an equation similar to eq 8.55

Using νσ/a as the reduced segmental density in a strongnematic
phase and adopting a result from Odijk,51 we have

Æθ2æ � ðvσ=aÞ- 2=3, vσ=a . 1 ð39Þ
Because the orientational distribution is strongly peaked at
θ=0, we have 1 - Sm � Æθ2æ; hence, we expect

1-Sm � ðvσ=aÞ- 2=3, vσ=a . 1 ð40Þ
where the proportional coefficient may have anm-dependence.
Figure 5B shows that the expectedpower lawabove represented
by a long-dashed straight line agrees with our numerical results
represented by various symbols, for m=1, 2.

One notable feature of the plots in Figures 3 and 5 is the
lack of any signature of an isotropic-nematic phase transi-
tion; such a first-order phase transition is seen in bulk
lyotropic wormlike polymer solutions with a similar range
of segmental density, driven by the Onsager interaction.50,51,55

In a lyotropic wormlike brush, an orientational ordering
already exists at weak and moderate densities (see the last
subsection), required by the fact that polymer chains must be
stretched away from the grafting wall. As the grafting density
(hence the segmental density) increases, significant orienta-
tional ordering is already yielded before the anticipated phase
transition occurs in the bulk liquid-crystal phase. This result is
in agreementwith a scaling analysis ofwormlike polymer brush
in the long chain limit.61 A Monte Carlo simulation of worm-
like polymer brushes also shows that S2 varies smoothly over a
significant range of grafting density, although the authors
claimed that a phase transition exists in an extremely small
grafting region;23 in our opinion, the weak orientational order-
ing in this region, shown in Figure 11 of ref 23 , is simply the
initial development of orientational ordering in a brush.

The scaling behavior in (40) also allows us to estimate

1-
Æzendæ
L

�
1

2
-
Æzæ
L

� 1- Æcos θæ �
vσ

a

� �- 2=3

ð41Þ

for νσ/a . 1, where the last step was made in reference to
(39). To demonstrate the validity of these power laws (41) in
the strong stretching region, we plot both 1 - Æzendæ/L and
1/2 - Æzæ/L using a/νσ as the variable in Figure 5A. The
anticipated power law is indicated by a straight line which
agrees well with the asymptotic behavior of our numerical
results represented by symbols for 1 - Æzendæ/L. The numer-
ical data of 1/2 - Æz/Læ approaches the expected slope at
small νσ/a. We note that the numerical errors of these data
are of order 0.01 in the vertical scale. In the case of 1/2 -
Æz/Læ, it is unclear whether the scaling law can be approached
by considering even smaller νσ/a or the scaling law has
already been approached within the numerical errors.
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Finally, we turn to the discussion of the free energy itself.
Because of the analogy to a nematic phase in the strongly
stretched limit, we can directly quote a known scaling result51

βF �
L

a

� �
vσ

a

� �2=3

ð42Þ

for νσ/a . 1. The crossover from moderate to strong
stretching can be viewed from, for example, Æzendæ/L data
points in Figure 3, occurring within the region νσ/a∼ [1, 10],
in a double-logarithmic plot. The free energy itself, however,
displays power laws (36) and (42) characterized by the same
scaling exponent 2/3 in the entire region covered by our
numerical solution (see Figure 2). In principle, there could be
a difference in the coefficients of these power laws; this
difference, however, is not visible in the series of symbols
shown in Figure 2. Our numerical observation in this work
for the first time demonstrates the possibility of a single
power law for the free energy over the entire range of grafting
density; it would be worthwhile to develop a physical argu-
ment that a single free-energy expression, including the same
prefactor coefficient, is valid for both large and small νσ/a.

The behavior of the free energy for a wormlike brush can
be contrasted with that of a single wormlike chain confined
in a tube of radius R. At a large R/a, the power law for the
free energy of a confined chain can be written as βF ∼
(L/a)(w/aR2)2/3.48 At a small R/a, the free energy of a long
wormlike polymer confined in a tube displays the Odijk
power law,βF∼ (L/a)(aR)1/3,51,63 with a completely different
scaling exponent.

3.3. Brush of Rods L/a, 1 at High Grafting Density νσL/
a2 g 1. In this subsection, we focus on the analysis of the
numerical results in the parameter region where the persis-
tent length a/2 is much greater than the total contour length
L. Our physical problem, then, is reduced to surface grafted
rods with weak flexibility. As was originally discussed by
Onsager and will be shown below for a rod brush, in the rod
limit, the excluded-volume interaction between two rods, of
order L2d, begins to play an important role when it becomes
comparable to the volume of the space occupied by a rod, in
our case, L/σ. Hence, the rod brush region considered in this
subsection is governed by L2d g L/σ or νσL/a2 g 1 because
of eq 5.

Based on the solution to eq 13, numerical results of 1 -
Æzendæ/L, 1/2- Æzæ/L, S1, and S2 for chain lengthL/a=1, 0.5,
0.1, and 0.05 are displayed in Figure 6 as a function of
a2/νσL. As L/a becomes small (i.e., the wormlike polymer
becomes more rodlike), the data in the four plots asympto-
tically approach the solid curves, representing the physical
properties in the limit of a rigid-rod brush. Also plotted are
dashed lines, representing the asymptotic scaling power laws,
which will be discussed below.

In the rigid-rod limit, presented in our model by taking
a . L, the basic length scale L becomes relevant, and the
persistent length a is expected to drop out from the formal-
ism. This can be explicitly demonstrated by introducing the
definition

~z ¼ z=L ð43Þ

~s ¼ s=L ð44Þ
so that eq 13 now becomes

D
D~s

qð~z, θ; ~sÞ ¼ - cos θ
D
D~z

- ~Wð~z, θÞ- ~Vð~z, θÞ
� �

qð~z, θ; ~sÞ

ð45Þ
where

~Wð~z, θÞ ¼ ðvσL=a2Þ

�
Z 2π

0

dφ0
Z π

0

dθ0 sin θ0ju� u0jFð~z, θ0Þ ð46Þ

and ~V has the same form as (16). Note that the second
derivative term with respect to θ, on the right-hand side of
eq 13, can now be dropped, approaching the rigid-rod limit.
According to (5), the prefactor νσL/a2=Lσd is a-indepen-
dent, as expected in the rod limit.46The solid curve inFigure 6
represents the physical properties deduced from our numer-
ical solution to the above equation set.

Our numerical method for solving eq 45 becomes unstable
in small Lσd when the self-consistent field ~W(~z,θ) becomes
weak. In the extreme case of Lσd = 0, eq 45 becomes the
simplest form of a flux-conservative equation, which has
been shown to be numerically unstable, discussed in Chapter
19 of ref 59. Most data shown in Figures 6 and 7 correspond
to moderate to large values of Lσd. We have not yet found a
method to deal with the small Lσd limit.

Halperin and co-workers considered a model for mobile
rod brushes where the grafted end can move freely on the
surface of the grafting plane.46 One can show that this
corresponds to an additional n ln σ term in the free energy
(3) to account for the translational entropy. The directional
ordering of rods are not affected by this extra term. To solve
the rod-brush model, Halperin et al. considered a trial
function approach, which yielded

1-Sm � ðLσdÞ- 2, m ¼ 1, 2, 3, ::: ð47Þ
in the large density region Lσd for the orientational order
parameters.We can also connect 1- Æzendæ/L and 1/2- Æzæ/L
to S1 in the rod limit, which gives

1- Æzendæ=L � 1=2 - Æzæ=L � 1- Æcos θæ � ðLσdÞ- 2 ð48Þ
The scaling exponent -2 shown above is represented by
the long-dashed line in Figure 6, in consistence with the

Figure 5. Behavior of 1/2- ÆÆz/Læ [open symbols in (a)], 1- Æzend/Læ/L
[filled symbols in (a)], 1 - S1 [filled symbols in (b)], and 1 - S2 [open
symbols in (b)] as functions of a/σν. Circles, squares, and diamonds
represent our numerical solutions forL/a=10, 20, and 30, and straight
lines demonstrate the exponents in power laws (41) and (40).
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asymptotic behavior of the solid curve which represents our
numerical solution to eq 45.

In the asymptotic region νσL/a2 . 1, rods are densely
grafted and the system can be compared with the bulk
nematic liquid crystal phase of lyotropic rods. Odijk deduced
the asymptotic scaling behavior for the orientational order
parameter,51 which are also consistent with those discussed
by Halperin et al.46 Furthermore, identifying the volume
density νLσ/a2 with the reduced rod density in Odijk’s
derivation,we can take the free energy expression fromOdijk

βF - lnðL=aÞ ¼ 2 lnðvLσ=a2Þ þ :::: ð49Þ
The extra -ln(L/a) term on the left-hand side takes into
account an factor of L/a associated with Q

_
in (17), which

reflects the different scaling in (11) and (43). Note that the
free energy is now a logarithmic function of νLσ/a2 and the
coefficient 2 is related to the exponent 2 in power laws (47). In
order to verify the asymptotic behavior described in (49), we
have replotted the free energy data in Figure 7 in a semi-
logarithmic scale. In such a plot, we expect to see a slope of

2 as the variable ln νσL/a2 becomes large. The long-dashed
line in Figure 7 illustrates this limit. The solid curve in the
same figure represents the numerical solution to eq 45 and
agrees well with the asymptotic behavior in (49).

4. Conclusion

In summary, utilizing the Saito-Takahashi-Yunoki model
for a wormlike chain, Onsager-type interaction for the seg-
ment-segment interaction, and self-consistent field approach
in polymer physics, in section 3 we showed that the physical
properties of a wormlike polymer brush depend on two reduced
parameters, the ratio between the total chain length L and the
effective Kuhn length a, L/a, and a combination of the grafting
density σwith the excluded volume per segment ν, νσ/a. This can
be compared with the general treatment of a Gaussian chain
incorporating an excluded-volume interaction formulated at the
level of a second virial approximation, where these two reduced
parameters are also reverent. There is an essential difference
between these two formalisms: the wormlike brush theory pre-
sented in this work not only recovers the physics of now well-
establish scaling theory of a Gaussian-chain brush but also
establishes physical properties in other parameter regions where
aGaussian brush cannot describe, in particular, the high-grafting
region νσ/a . 1 as well as near-rigid brushes a . L.

In the low tomoderate grafting density region where νσ/ae 1,
in section 3.1 we demonstrated that the numerical solution of our
formalism recovers the scaling behavior of the conformational
properties predicted from the classical-trajectory theory for a
Gaussain brush, within the long-chain limit (L/a. 1). There is a
general agreement between the numerical results and power laws
predicted from the classical-trajectory theory for the mean end-
to-end distance Æzendæ, the mean monomer-grafting surface dis-
tance Æzæ, the orientational order parameter ÆP1(cos θ)æ, and the
free energy per grafted chain F. Our formalism allows us to
include directional fluctuations of the wormlike chain, which are
ignored previously; as a direct consequence, the scaling behavior
of high-order orientational order parameters which can be used
to describe the shape of the orientational distribution function,
ÆPm(cos θ)æwherem>1, have been deduced from the numerical
solution.

In the high grafting limit, νσ/a. 1, a wormlike brush forms a
layer that has the structure resembling a bulk nematic liquid-
crystal phase of lyotropic polymers at a similar segmental density.
In section 3.2 we showed that the orientational distribution
function has a predominant peak at θ=0, driven by the Onsager
interaction. Our numerical data support the scaling relation 1 -
Æzendæ/L � 1/2 - Æzæ/L � 1 - ÆPm(cos θ)æ � (νσ/a)-2/3, originally
established for strong nematic ordering in wormlike polymers.51

One noticeable future of our numerical results is that the data for

Figure 6. Differences 1/2- Æz/Læ, 1- Æzend/Læ/L, 1- S1, and 1- S2 as
functions ofa2/νσL in double-logarithmic plots.Crosses, right triangles,
left triangles, and upper triangles represent the numerical results
computed from the solution to eq 13 for relative chain length L/a =
1, 0.5, 0.1, and 0.05, respectively. In comparison, the numerical results
based on the solution to eq 45, which describes the statistics of a rigid-
rodbrush, are represented by the solid curve.The dashed line reflects the
exponents in power laws (47) and (48).

Figure 7. Free energy per chain as a function of νσL/a2 in a semiloga-
rithmic plot. Crosses, right triangles, left triangles, and upper triangles
represent thenumerical results for relative chain lengthL/a=1,0.5, 0.1,
and 0.05, respectively. The solid curve corresponds to the solution of the
wormlike brush in the rod brush limit,L/a, 1. The slope of the dashed
line describes the prefactor 2 in the asymptotic limit νσL/a2. 1 in (49).
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the free energy per chain follow the same power law F �
(L/a)(νσ/a)2/3 in the high grafting limit, similar to the case of
weak-to-moderate grafting, a remarkable result that deserves
further theoretical investigation.

For awormlikebrush consisting of nearly rigid polymers a.L
at high grafting density, we showed that another scaling region
can be approached. In section 3.3 we showed that our numerical
solution closely follows the scaling relation 1 - Æzendæ/L � 1/2 -
Æzæ/L � 1- ÆPm(cos θæ � [σ(ν/a2)L]-2, consistent with a previous
prediction.46 In the rod limit, the ratio ν/a2 is an a-independent
parameter, describing the rod diameter. Instead of a power law,
the free energy diverges logarithmically as σ(ν/a2)L increases,
which can be compared with that found in a strong bulk nematic
phase.51

In this work we have focused ourselves on lyotropic wormlike
polymers interacting with an Onsager excluded-volume interac-
tion. The basic formalism can be extended to include other
relevant physical interactions such as a Maier-Saupe type
attraction.39,42,61,64-66 Within a suitable selection of the inter-
action parameter, the inclusion of the Maier-Saupe attraction
may produce a polymer structure similar to those seen in the bulk
liquid crystals, such as a tilted nematic phase. A phase transition
between the structure found in this work to a tilted nematic phase
may even exist. This is of particular interest in the rod limit where
the system can be connected to Langmuir monolayers, where
various phases have been theoretically studied.67,68

Finally, the formalism developed in this work could also be
extended to studying grafted block copolymers with two blocks
having different flexibilities, for example, rod and flexible. This
can be handled by introducing a path dependent a= a(s) in the
theory.41
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